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Quadratic  Equations

01.Sketch the graph for the following quadratic functions.

(i). 22 ��� xxy    (ii).  822 ��� xxy   (iii).  253 2 ���� xxy   (iv). 232 2 ��� xxy   (v). 472 2 ���� xxy

02.Sketch the graph for the following quadratic functions.

(i) 442 ��� xxy   (ii) 962 ���� xxy    (iii) 842 ��� xxy (iv) 522 ���� xxy (v) 1862 ��� xxy

03.Sketch the graph of 2xy �  and hence sketch the graph of

(i) 1
2 �� xy            (ii) 12 �� xy              (iii) 11

2 ��� xy            (iv) 12
2 ��� xy

(v) 542 ��� xxy (vi) 34
2 ��� xxy

04 a.Sketch the graph of 322 ��� xxy and hence sketch the graph of

   (i) xxy 22 ��    (ii) 622 ��� xxy   (iii) 42 �� xy  (iv) xxy 42 ��

   b.i.Using the substitution , 2xu � solve 012 24 ��� xx

      ii.Using substitution 3

1

xu � Solve the the equation

032 3

1

3

2

��� xx .

      iii.Solve 3
2

3
4_

3

2
�

�

�

�

�

x

x

x

x

  c.i. Let 
x

xu
1

��  , Show that 2
1 2

2

2 ��� u
x

x

        Hence Solve, 01434 234 ����� xxxx

    ii.  Solve 193163 22 ������ xxxx .

05.Find the range of values of x that satisfy the following inequalities.

 i. 0)2)(1( ��� xx        ii. 0)2)(1( ��� xx                 iii. 0)5)(3( ��� xx        iv. 0)1)(12( ��� xx

v. 542 �� xx                   vi. 14 2 �x                                 vii. 235 2 �� xx                     viii. 0)4)(2( ��� xx

ix. 22 4)1( xx ��       x. )4()2)(1( xxxx ����

06.The expression 942 ��� pxx   is negative for all real values of x. Show that 
2

3

2

3
��

�
p .

07Find the range of t for which 02)1(2 ����� txtx for all real values of x.

08.Find the range of k. So that )43(22)( 22 ����� kkkxxxf is positive for all real values of x

09.Find the range of values of p for the expression 1)12(2 ��� xppx  to be positive for all real values of x.

10.Let 23)2()(
2 ����� ppxxpxf . Find the range of p such that f(x) is  negative for all real x.
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11.Let cbxaxy ��� 2 .Where cba ,),0(�  are real numbers.

(i). Express y in the form ��	 ��� 2
xy .

(ii). Hence determine coordinates of the vertex

(iii). Find the roots of y.

(iv). Determine conditions required for the roots of y to be,

(a). real distinct (b).real coincident  (c). imaginary

12. Using algebraic methods, obtain conditions required for the roots of cbxaxy ��� 2  to be,

(a). real distinct (b). real coincident                  (c). imaginary

13.Show that the roots of 02 2222 ����� cbaaxx  are real. Where cba ,,  are real numbers.

14.Show that when bca ��  the roots of 012222 ������ xcbaxba are imaginary..

15.If the equation 02373122 ����� kxkx  has equal roots, find the value of k.

16.When the roots of 02 ��� cbxax  are real, show that the roots of 012
2

2 ��


�

�



�

�
�� x

ac

b
x  are also real.

     Where 0�abc .

17.If the roots of 02 ��� cbxax  are real and positive then show that the roots of 02
2222 ���� cxbacxa

     are also real and positive.

18. Write down the condition required for the graph cbxaxy ��� 2  and the line cmxy ���

     i. to intersect each other    ii. to touch each other     iii. to be in separate

    a.show that 12 �� xy and 1�� xy intersect each other and find their points of intersection.

   b.show that 142 2 ��� xxy and the line 0142 ��� xy touch each  other and find the point of contact.

 c.show that 222 ��� xxy  and the line 042 ��� xy donot intersect each other..

19.sketch the graph of 862

1 ��� xxxf  and find the minimum value of xf1
.Let kxxxf ���� 62

2
  where

k is constant. Express bxaxf ��� 2

2 3   where a and b are constants to be determined.

 Hence evaluate the maximum value of xf2
and sketch its graph on the same diagram.Hence show that the equation

xfxf 21 �

   (i) has two distinct real roots when 10��k

    (ii) has a real root when 10�k

   (iii) has no real roots when 10��k
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20.(a)  If acb 42 ��� write down condition required for cbxaxy ��� 2  to have distinct real roots  and

      imaginary roots.Let 32121 2 ������ axaxaxf

  (i) find range of a such that 0�xf for all ��x ,

  (ii) show that the graph xf touches �x axis when 4��a

  (iii) show that the equation 0�xf has imaginary roots when 4��a  or 1�a

    (b) Let mxxy ��� 2

1
 and mxy �2

 .Show that the quadratic equation 
21 yy �  has distinct real roots

          if and only if 1�m

21.Show that the roots of the quadratic equation 02 ��� cbxax  are given by 
a

acbb
x

2

42 ���
� .

    Where 0�a  is a real constant. Let acb 42 ��� . Give in terms of � , conditions required for the

     above equation to have

 i.real distinct roots.  ii.real coincident roots.  iii. imaginary roots.

   Solve the following equations.

a. 0232 ��� xx .         b. 05112 2 ��� xx  .           c. 0962 ��� xx .

22.If t
x

x ��
1

, show that 2
1 2

2

2 ��� t
x

x  using these substitutions, solve thefollowing equations completely.

(i). 051116115 234 ����� xxxx    (ii). 01102610
234 ����� xxxx      (iii). 01262

234 ����� xxxx

23.(i).If x is real, find the minimum and maximum value of 
92

914
2

2

��

��

xx

xx
.

   (ii).If 0244209229 22 ������ yxyxyx . Show that  63 �� x  and 101 �� y where x, y are real.

24.Find the following in terms of �� �  and �� .

    (i). 22 �� �     (ii).  33 �� �    (iii).  44 �� �        (iv).  �� �     (v).  22 �� �      (vi). 33 �� �

    (vii). ��
11

�     (viii). �
�

�
�

11
���       (ix). �

�
�
�
� (x).  ���� ��� 22       (xi) 44 �� �

25.If the roots of 02 ��� cbxax  are �� , , show that 
a

b
��� ��  and   

a

c
��� .  Hence find the following in

     terms of a,b,c

    (i). 22 �� �    (ii).  33 �� �      (iii).  44 �� �          (iv).  �� �      (v).  22 �� �       (vi). 33 �� �

    (vii). ��
11

�     (viii). �
�

�
�

11
���      (ix). �

�
�
�
�    (x).  ���� ��� 22 (xi) 44 �� �

26.The roots  of 02 22 ��� baxx  are 
11,��  and that of 02 22 ��� dcxx  are 22 ,�� . If 

2121 ���� ��� .

     Show that 2222 cbda ��� .
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27. �� , are the roots of 022 ��� cbxax  and �� ,  are the roots of 022 ��� rqxpx  If ���� ,,,  lie in geometric

     progression. Show that 22 q

pr

b

ac
� .

28.The roots of 0)84(4)(8
2 ������ cbaxabax  are �� 24,24 �� .  Show that the quadratic equation with

     the roots �� ,  is 042 ��� cbxax .

29.�  and �  are the roots of 02 ��� baxx . Show that the roots of 02 22 ���� bxabbx  are �
�

 and 
�
�

.

30.a).If �� ,  are the roots of the equation 02 ��� cbxax    form the equation whose roots are �
�

�
�

1
,

1
�� .

b).If the roots of 02 ��� qpxx  are �  and �  where �  and �  non-zero  form the equation whose roots are

��
2

,
2

.

c). If �  and �  are the roots of the equation 02 ��� cbxax . Show that the roots of the equation

0)2( 22 ���� acxacbacx   are and
� �
� �  .

31.The roots of the quadratic equation 02 ��� qpxx  are �  and � .

    Form, in terms of p and q, the quadratic equation whose roots are 23 �� p�  and  23 �� p� .

32.a).Form a quadratic equaton wth roots which exceed by2 the roots of the quadratic equation

0)12()4(3 2 ����� pxpx . Find the values of p for which the given equatoin has equal roots.

b).Given that the roots of the equation 02 ��� cbxax  are �  and �n .  Show that  22)1( nbacn �� .

33.a).Given that the roots of 02 ��� qpxx  are �  and � , form an equation  whose roots are 
�
1

 and �
1

.

b).Given that �  is a root of the equation 322 �� xx . Show that,

i. 63 ���� ii. 92 32 �� ��

34.a).Find the set of values of k for which the equation 0322 ���� kkxx   has no real roots.

       When 7�k , the roots of the equaiton 0322 ���� kkxx  are �  and �  where �� � .

b). Write down the values of �� �  and �� .

c). Form an equation with integral coefficients whose roots are �
�

 and 
�
�

.

d).Prove that 5�� �� .

. �  and �  are the roots of the equation 023 2 ��� xx .

i).Evaluate 22

11

��
� .

ii). Find an equation whose roots are 2

1

�
 and 2

1

� .

iii).Show that  101127 4 �� �� .
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36.a).Show that the roots of  0)32()1(22 ����� txtx  are real for all values of t.

b).Show that the roots of 03)12(1 22 ����� xkxk  are real for all  values of k.

37.If the roots of the equation  0)()()( 2 ������ bacxacbxcba  are    coincident, prove that 
cba

1
,

1
,

1
are in

arithmatic progression.

38.If the roots of the equation 02 ��� cbxax  are in the ratio 
q

p
  prove that pqbqpac 22)( �� .

39.The equations 01
22 ��� xaax  and 0122 ��� xbbx  have a  common  root. Show that the other two roots

satisfy the equation 0)(2 ���� abxbax .

40.If the equations 02 ��� cbxax  and 02 ��� rqxpx  have a common root, show that

qcbrbpaqpcar ���� 2 .

41.If the equations 02 ��� baxx  and 02 ��� abxx , ba �   have a  common root show that the roots of

22 )(2 baxbax ����  are     
2

1
,1 ��� xx .

42.If the equations 0122 ��� xkx  and 022 ��� kxx  have a common root find k.

43.When pa � ,  if the equations 022 ��� baxx  and 022 ��� qpxx   have a common root, show that

)(4
2

bpaqapbq ���� .

44.The equations 02 ��� baxx  and 0322 ��� baxcx  have a  common  root. When 0,0 �� ba ,

     show that 2

2

3

25

�

�
�

c

ca
b .

45.The equations 02 ��� 	pxx  and 02 ��� �qxx  have a common root. If the roots of the second equation

    are equal, show that pq�� �	2 .

46.The roots of 02 ��� qpxx  are �� , and the roots of 02 ��� baxx are   �
�

,
1

     Show that 2
1 bqpbaaqp ���� . Show also that the equation  whose roots are �� ,  is

0112 �������� bqbqbpaqbqpaxbqx .

47.i.The equations 02 ��� baxx   and 02 ��� nmxx  have a common root. Then show that the equations

02 ��� baxx  and 0)2(
22 ������ namaxmax  also have a common root

ii. If ,522 �� �� ,11)(3 55 �� �� )( 33 �� �  where �� ,  are real, show that the quadratic equation whose

         roots are �� , is 0232 ��� xx

48.�  and �  are the roots of 0
2 ��� cbxax  and hh �� �� ,   are the roots of 02 ��� rqxpx  show that
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 i. �
�

�
�
�

�
��

p

q

a

b
h

2

1
ii. 2

2

2

2 44

p

prq

a

acb �
�

�

49.i.The equation 02 ��� qpxx   and 0//2 ��� qxpx    have a common root. Show that this common root can be

    either   /

//

qq

qppq

�
�

  or 
pp

qq

��
��

 where /pp �  and 
/

qq �

ii. �� ,  are the roots of 02 ��� rqxpx   If  cbxaxxf ��� 2)(    show that

2

2

)()(
p

brcqaqbparcp
ff

����
���

    Hence or otherwise, if there exists a common root to the equations  02 ��� cbxax   and 02 ��� rqxpx

    then show that aqbp � , arcp �  and  brcq �  lie in geometric progression.

50.If a,b,c are in geometric progression and if the equations 022 ��� cbxax  and 022 ��� fexdx  have a

      common root then show that 
c

f

b

e

a

d
,,   are in arithmetic progression.

51(i).Using the substitution 1��� xxt ,  solve   01102610 234 ����� xxxx .

   (ii).If the roots of the equation 02 ������ qpxprxrq  are equal, show that p, q, r lie in an arithmetic

          progression.

52.(i).If the roots of 02 ��� qpxx  are �� , , find the quadratic equation whose roots are

23 �� p�  and 23 �� p� .

     (ii).If the roots of 0753 2 ��� xx are �� , . Show that

200420042005200520062006 753 ������ ����� .

    (iii) �� ,  are the roots of 02 ��� qpxx . When 1�n  is an integer show that

2211 ���� ����� nnnnnn qp ������ . When �� ,  are the roots of 0122 ��� xx , find 55 �� � .

          Find the quadratic equation with the roots 55 ,�� .

53.(i).The roots of 012 ���� bxax  are �� , .  Find the value of

baba �
�

�
�

�

211
22 ����  where 0�a .

     (ii).The roots of 02 22 ��� qpxx  and 02 22 ��� nmxx  are 11,��  and 22 ,��  respectively..

                (a). If 2121 ���� ��� , show that 2222 mqnp ��� .

(b). If 02121 �� ���� ,show that 2222 mqnp � .
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54. Given that kxkxxf 2)2()( 2 ���� .

(i). Show that for all real values of k the roots of 0)( �xf  are real.

(ii). Find the roots of 0)( �� kxf .

(iii). If the roots of 02)( ��� xkxf  are 0�x  and 7�x , show that 7�k .

55.The quadratic equations 022 ��� rrr cxbxa  where 2,1�r  have a common root. 
111 ,, cba  lie in geometric

progression. Show that   
1

2

1

2

1

2 ,,
c

c

b

b

a

a
 lie in arithmetic progression 

212121 ,,,,, ccbbaa  are positive real numbers.

56. ),( ��  are the roots of  02 ��� cbxax   and ),( ��  are the roots of   01121 ��� cxbxa . By considering the

common root show that ))(()( 1111211 baabcbbcbcca ���� .

Also show that    
)()()( 111111111 baabacbaabcacbbcaa �

�
�

�
�

���
.

57.i.If �� ,  are the roots of the quadratic equation 012 ��� pxx  and �� ,  are the roots of the quadratic equation

012 ��� qxx   then show that,  22))()()(( pq ������ �������� .

   ii.Let �� ,  are the roots of the equation 012 ��� qxx  and �� ,  are the  roots of the equation 02 ��� qxx

    show that  )1)(1())()()(( 22 ��������� ������������ qq  determine all possible values for q such

     that the given equations have at least one  real  root in common.

58.Let �  and  �  be the roots of the equation 012 ��� pxx  and let  �  and �   be the roots of the equation

01
12 ��� x
p

x .

    Show that )1)(1())()()(( 22 ��������� ������������ pp

     and deduce that   

2
1

))()()(( 


�

�



�

�
������

p
p�������� .

59.i. Show that the solutions of the equation 
32

2
3232

1212 22

�
����

���� xxxx

 are 2,0 �� xx .

   ii. Solve 06223223
22 22

�����
�� xx

.

60. Let cba ��  be three real numbers. Given that

))(())(())(()( axcxcxbxbxaxxf ��������� . Show that 0)( �xf  has two real distinct roots. If these

      roots are �� , , find �� �  and ��  in terms of a, b,c.

(i).If �� ,,b  lie in arithmetic progression then show that c, b, a alsolie in arithmetic progression.

      (ii). Show also that bfcfaf 2)( ��� .

     (iii).If c, b, a lie in geometric progression, show that ��
1

,
1

,
1

b
 lie in arithmetic progression.
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61.(i).The roots of 01))(1(22 ����� kxkxxk  are �� , . Write down expressions for ���� ,�  in terms of k.

          Show that 01122 ����� ������ .

    (ii). �� ,  are the roots of the equation 02 ��� cbxx . Write down the equation whose roots are 2�  and 2� .

          Hence if the roots of  012 ��� xx  are �� , , find the equation with the roots 1616 ,�� .

           Using this show that 
2

15
2207 16

1 �
� .

62. Let 042 ��� kxx .

  (i).  Find the range of k, such that the roots of this equation are real positive.

   (ii). Show if the roots are positive and in 3 : 1, that the value of k is 
3

8
.

(iii). The roots of 02 ��� cbxx  are �� , . Where b and c are real. Obtain  the equation whoose roots are

33 ,�� . If  0963 ��� bb  and 2�c , find the real values of �  and � . Hence find the real root of 0963 ��� yy .

63. Given that 24)( 2 ���� axxxf .

(i). If the equation axxf �)(  has two roots, then find the range of a.

(ii). If the roots of 0)( �xf  are �� ,  find the equation whose roots are
�

�
2

�  and �
�

2
� .

(iii). If axxf ��� 21)( 2  has one real root, show that the values of a are -1 and  2.

64. (i). Show the equation 1�
�

�
� bx

x

ax

x
 to have real distince roots that a and b must take the same

            sign. ),( ��ba

(ii).Show, for the roots of c
bx

x

ax

x
��

�
�

�
1  to be coincident that 2

2 4

ba

ab
c

�

�
� .

              Deduce that 

2

2 1 

�

�


�

�
�
�

��
ba

ba
c . Hence show that 10 2 �� c  where ��cba ,,

65. If p and q are real numbers, when 042 �� acb  express cbxax ��2
 in the form 22

qpxa �� . Hence,

      when ,04,0 2 ��� acba  show that cbxax ��2  is always positive.

If kxxxf ��� 53)( 2  find the value of k, so that 1)( �xf  for all  values of x. Show also that )(xf  assumes

      its minimum at 
6

5
�x   and  find the value of k corresponding to mimimum zero.

66. Express cbxax ��2
 in the form nmxa �� 2 . Where m, n are to be determined interms of a, b, c.

cbxax ��2
 assumes its minimum  value -9 at 

3

1
��x . If a root of 02 ��� cbxax  is 

3

8
 find the values

        of a, b and c.

67.i).The roots of 02 ��� cbxx  are 
11,��  and the roots of 022 ��� ckkbxx  are 

22 ,�� .

        Show that the equation with the roots 
2121 ���� �  and 

2121 ���� �  is 0)2(2 2222 ���� cbckxkbx .
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        Show also that the roots of this equation are always real.

(ii). The roots of 02 2 ��� rqxx  are 2,1 �� �� . Where �� ,  are the  real roots of the equation

02 ��� cbxx . Given that ��  . Find q,r  interms of b, c. When �� � , show that )12(42 �� rq .

68.i).The roots of 02)1( 2 ����� kkxxk  are �� , . Show that

2

2

)1(

18727
22

�

��
���

k

kk
���� . If �� ,  are real and �  lies  between

2
�

 and �2 , find the possible

        values of k.

 ii). The roots of 02 ��� cbxax  are �� , . Show that  021 ��� �� rrr csbsas . Where rr
rs �� �� .

        Find 44 �� �  interms of  a, b, c.

69.Let �  and �  be the roots of the quadratic equation 02 ��� rqxx . Show that q��� ��  and r��� .

    Let 
p

1
1���  and 

1

1
1

�
��

p
�  , where 1,0 ��p  is a real number..

(i). Show that rqrq 41 22 ���� and 1��r .

(ii). Find the quadratic equation with coefficients in terms of q and r whose roots are 
p

1
1�  and 

1

1
1

�
�

p
.

70. Let �  and �  be the roots of the quadratic equation 02 ��� cbxax ,  where a, b and c are real numbers.

      Show that �  and � are both

(i). real, if and only if 04
2  � acb .

(ii). purely imaginary, if and only if 0�b  and 0�ac .

Find the quadratic equation whose roots are 
2�  and 2� .

        Show that the roots of this quadratic equation are both real, if and only if either �  and �  are both real or

�  and �  are both purely imaginary..

71.�  and �  are the roots of the equation 02 ��� cbxx , where 0�c . Find the quadratic equation in terms of

     b and c, whose roots are 23�� and 32�� . Hence, find thequadratic equation, in terms of b and c, whose

        roots are 
32

23 1

��
�� �  and 

23

32 1

��
�� � .

72. Let 22)( 2 ���� kkxxxf , where k is a real constant.

    (i).Express )(xf  in the form bax �� 2)( , where a and b are constant to be determined in terms of k. Find the

turning point of )(xf  without using calculus and show that this point is a minimum point. Find the

minimum value of )(xf  in terms of k. Hence, show that the curve )(xfy � .

(a). lies entirely above the x-axis if 21 ��� k .

(b). touches the x-axis if 1��k  or 2�k .

(c). cuts the x-axis in two distinct points if 1��k  or 2�k .

(ii). Prove that the straight line mxy �  intersects the curve )(xfy �  in two real and distinct points for

               all real and finite values of m if and  only if 2��k .
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73.Let �  and �  be the roots of the equation 02 ��� cbxx , and �  and �  be the roots of the equation

02 ��� nmxx   where  , , ,b c m n�� .

     (i).Find 2�� �  in terms of b and c, and hence write down 2�� �  in terms of m and n.

          Deduce that if ���� ���   then nmcb 44 22 ��� .

    (ii).Show that cmbnmbnc ��������� 2�������� .

        Deduce that the equations 02 ��� cbxx  and 02 ��� nmxx  have a common root if and only if

cmbnbmnc ���� 2 .

      The equations 0102 ��� kxx  and 0102 ��� kxx  have a common root, where k is a real constant.

      Find the values of k.

 74.(a).�  and � are the roots of the quadratic equation  0)( 2 ���! qpxxxf  where p and q are real and

02 2 �� qp . If xpxpy ��� )(  substituting for x in 0)( �xf  or otherwise,

show that 0)(22)( 222 ������ qypqyqpyg  where 1��y .

       Hence, find the roots of the equation 0)( �yg  in terms of �  and � .

      Express

22

22 


�

�



�

�

�
�



�

�



�

�

� ��
�

��
�

 in terms of p and q.

b). If a, b, c and m are constants such that 0��� cba  and 03 ���� mcabcab ,

       prove that 322 3 abcxmxyycxybxyaxy ������ .

     If mxy �� 2 , show that 336222 mabcxxmcxxmbxxmaxx ���������

       If 6416)( 36 ��� xxxg  has factors maxxmxx ���� 22 ,2  and mbxx ��2  find the values of m, a and b.

Hence,

(i). Show that )(xg  is non-negative for all x,

(ii). Find the roots of the equatioon 0)( �xg .

75. Let ;92)( 2 ��� xxxf x�� .

i .If �� ,  are the roots of f(x)=0  obtain the quadratic equation whose roots are 12 ��   and 12 ��
ii.Find the value of a real constant k for which the equation f(x)=k has  exactly one real root for x.

iii.Find the greatest value of 
)(

1

xf
 giving the value of x for which it is attained.

 iv.Determine the set of values of a real constant 	  for which the equation xxf 	�)(   has no real solution for x.

76.Let IR�	  and 			 6)2(3)2()( 2 ����� xxxp

i.Find the least integral value of	  for which p(x)  is positive for all x�� .

ii .For what values of 	  does the equation p(x)=0 have two distinct real  roots ?

  iii.If the roots of p(x)=0  are real and if the difference of the roots is equal to

3, find 	
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77.Let IR�	  and 1)1(2)( 2 ���� xxxp 	  show that the roots of p(x)=0 are real. Find all the values of

	  such that the sum of the roots of p(x)=0 is equal to the sum of the squares of the roots.

78.Let cbxxxf ��� 2)(  and rqxxxg ��� 2)(  where IRrqcb �,,, and rc �

     Let �� ,  be the roots of g(x)=0.

   Show that ))(()()()( 2 brcqqbrcff ������� . Hence, or otherwise. Prove that if  f(x)=0 and g(x)=0 have a

   common root, then b-q, c-r and cq-br, are in  Geometric proression.

    If �� ,  are the roots of f(x)=0,  Show that the quadratic equation whose roots are �� ,  is

0
)(

)(

)(

))((
2

2
2 �

�

�
�

�

��
�

rc

bqcr
x

rc

bqrc
x

79.�  and �   are the roots of the equation 02 ��� cbxx  find the quadratic equation in terms of b and c, whose

roots are 3�  and 3�  hence, find the quadratic equation, in terms of b and c, whose roots are

3

3 1

�
� �  and     3

3 1

�
� �

80.�  and �   are the roots of the equation 02 ��� cbxx , where 0�c . Find the quadratic equation in terms of b

and c, whose roots are 4�   and 4� . Hence, find the quadrtic equation in terms of b and c, whose roots are

1
4

4

�
�
�

 and  1
4

4

�
�
�

81.�  and �  are the roots of the equation 02 ��� cbxx , , where 0�c . Find the quadratic equation, in terms of

b and c, whose roots are 23��  and 32�� .

    Hence, find the quadratic equation in terms of b and c whose roots are  32

23 1

��
�� �  and  23

32 1

��
�� �

82.The roots of the quadratic equation 02 ��� cbxax  are ��,   write down  the values of �� �  and �� .

  Find 22 �� �  in terms of a,b and c. Find the quadratic equation whose roots are 2

2

�
�

 and 2

2

�
�

.

  Hence find the quadratic equation whose roots are 22

2

��
�
�

 and  22

2

��
�
�

.

82.a.�  and �   are the roots of the equation 02 ��� qpxx . Find the     quadratic equation in terms of p and q

whose roots are  
�

�
2

�  and 
�

�
2

�     where 0�q . Hence find the quadratic equation in terms of p and q whose

    roots are 
2)2( ����

�
 and  

2)2( �� ��
�

b. Using a suitable substitution, solve the equation  3
1

2
1

2

�

�

�


�

�
�

�

�

�


�

�
�

�
x

x
x

x

x
x
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83.a. If the quadratic equations 02
2 ��� bcxax   and  022 ��� cbxax )( cb �   have a common root.

        Show that 044 ��� cba .

b. If a,b and c are real numbers with 0�a �  is a root of 0
22 ��� cbxxa  and �  is a root of  022 ��� cbxxa

     and �� ��0 ,  show that the equation 022
22 ��� cbxxa  has a root �   such that  ��� ��

84.a. If rqxpxcbxaxm ����� 22 22  can be expressed in the form  2)( kxn � .

        Show that ))(())(( cbkqpkrqkbak �����

b.If every pair from among the equations 0,0 22 ������ rpqxxqrpxx    and 02 ��� pqrxx  has a

    common root, then show that the sum of the three common roots is rqp ��

c. Show that the solutions of the equation

)50)(25.4(2510
112

xxx ��  are 
2

1
�  and  

2

1

85.a. If 02)( 2 ���� cbpqqpa  and 02)( 2 ���� cbprrpa  then show that 
a

c
pqr �� 2

    b. If �� ,  are the roots of the equation 02 ��� cbxax  and �� �,1
 those  of 011

2

1 ��� cxbxa  Show that 
1,��

    are the roots of 0
1

1

1

1

1

2

�




�

�



�

�
�


�

�


�

�
��




�

�



�

�
�


�

�


�

�
c

b

c

b
x

a

b

a

b

x

86.Let ��cba ,,  and 0�ac . Show that zero is not a root of the equation 02 ��� cbxax .

      Let � and � be the roots of this equation, and let �
�

	 � .

      Show that 		 22)1( bac �� .

     Let ��rqp ,, and 0�pr . Also, let � and � be the roots of the equation 02 ��� rqxpx ,

    and let 
�
�

� � .  Show that �	 �  or �
	

1
� holds if and only if 22 prbacq � .

     It is given  that the roots of the equations 0232 ��� xkx and 0168 2 ��� kxx are in the same ratio,

      where ��k .Find the value of k.

87.Polynomials )(),( xGxF and )(xH of degree 4 in x are given as follows:

)1)(1()( 22 ����! xxxxxF �� ,where � and �  are real constants;

63562356)( 234 ����! xxxxxG ,

1)( 24 ��! xxxH .

 (i) If both 0)( �xF and 0)( �xG have the same roots, show that the quadratic equation with � and � as its

       roots is  050356 2 ��� xx .Hence find all the roots of the equation 0)( �xG .

 (ii) If )()( xHxF � , find possible values of � and � , and show that the roots of the equation 0)( �xH are not

        real.
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88.Let ��cba ,,  such that 0�a and 0��� cba , and  let  cbxaxxf ��� 2)( .

     Show that 1 is not a root of the equation 0)( �xf .

   Let � and � be the roots of 0)( �xf .

  Show that  )(
1

)1)(1( cba
a

����� ��  and that the quadratic equation with 
1

1

��
and 

1

1

��  as the roots is

   given by 0)( �xg , where  axbaxcbaxg ������ )2()()( 2 .

  Now , let 0�a  and 0��� cba .Show that the minimum value 1m of   )(xf is given by 
a

m
4

1

�
�� ,  where

acb 42 ��� . Let 
2m be the minimum value of )(xg . Deduce that 

12)( ammcba ��� .

    Hence , show that 0)(  xf for all ��x  if and only if 0)(  xg for all ��x .

89.The roots of �� ,are.02 ��� qpxx . Where p and q are real. If 2��	 �� and 2��� �� , find the equation

     with the roots 	 and � . When � and  �  are imaginary, Prove that 	 and �  are real only  if 1��p .

   When this happens prove also that q��� 1�	 .

90.If 
T

T
t

t
11

���  , show that t = T or  
T

t
1

� . The roots of the equation �� ,are02 ��� rqxpx .

     Let �
�

	 � . Show that 
pr

prq )2(1
2 �

��
	

	 .  Hence, if the roots of  011
2

1 ��� cxbxa     are 11 ,�� and the roots of

022
2

2 ��� cxbxa  are 
22 �� , when it is given that 2

2

122
2
21 cbacba � ,  show that 

2

2

1

1

11

	
	

	
	 ��� .

       where 
2

2
2

1

1
1 and

�
�

	
�
�

	 �� .    Also show that   
2

2

1

1

2

2

1

1

�
�

�
�

�
�

�
�

�� or .

91.Let 0)()()()()()( ��������� axcxcxbxbxax ��cba ,,Where .

     Show that the above equation contains the quadratic equation  0)(23 2 ������� cabcabxcbax .

     Show also that the discriminant of this equation can be given as 222 )()()(2 accbba �����  .

    Hence show that this equation has real coincident roots if and only if cba �� .

92.Let ����� cbacbxaxxf ,,where,)( 2  with 0�a . Show that the roots of  f(x) = 0 are real distinct, real coinci-

dent and imaginary according as     0
2 �

�


�

�


�

� �
a

b
af . If the roots of  f(x) = 0 are real distinct, prove that

    i.the roots of the equation 0222 222 ���� acbbxaxa are imaginary..

   ii. the roots of the equation 0)2( 2222 ���� cxbacxa are real .

93.Let  ��ba, . Write down the discriminant of the equation 0)(23
2 ���� abxbax  in  terms of a and b, and

    hence, show that the  roots of this equation are real.

    Let �� and  be these roots. Write down ���� and�  in terms of a and b.

    Now, let 2���� . Show that 922 ��� baba  and  deduce that ,12�a  and find b in terms of a.
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94.Let  p R� and 0 1p� � . Show that 1 is not a root of the equation 2 2
2 0p x x p� � � . Let �  and �  be the roots

     of this equation. Show that �  and � are both real. Write down � ��  and ��  in terms of p, and show that

2

2

1 1
.

( 1) ( 1) 2

p

p p� �
�

� � � �
.

   Show also  that  the quadratic equation whose roots are 
1

�
� �

 and  
1

�
� �  is given by

2 2
( 2) 2( 1) 0p p x p x p� � � � � �  and that both of these  roots  are positive.            (2019)

95.Let 1k � . Show that the equation 2 2
2( 1) ( 3) 0x k x k� � � � �  has real distinct roots. Let �  and �  be these roots.

   Write down � ��  and ��  in terms of k, and find the values of k such that both �  and � are positive.

    Now, let 1 3k� � . Find the quadratic equation whose roots are 
1

�
 and  

1

� , in terms of k.  (2021)

96.Let 2
( )f x x px c� � �  and 2

( ) 2g x x qx c� � � , where ,p q��  and 0c � . It is given that ( ) 0f x �  and ( ) 0g x �

   have a common root � . Show that p q� � � .

   Find c in terms of p and q, and deduce that

(i) if 0p � , then 2p q p� � ,

(ii) the discriminant of ( ) 0f x �  is 2
(3 2 )p q� .

   Let �  and �  be the other roots of ( ) 0f x �  and ( ) 0g x �  respectively. Show that 2� �� .

 Also, show that the quadratic equation whose roots are �  and �  is given by 2 2
2 3(2 ) (2 ) 0x p q x p q� � � � � .(2020)

97. Let 3k� � �� .

   Find the set of values of real constant k, so that the roots of the equation 2( 3) 2( 1) 2 1 0k x k x k� � � � � �  are real.

   Also find the set of values of k, for which the roots of the equation above are real and opposite in signs. If the roots

   of this equation are and� � , find the equation, in terms of k. whose roots are ( 1) and ( 1)� �� � .

98.Let the roots of the equation 
2 0ax bx c� � �  are and� � . Find in terms of a, b and c  the condition required for

both of    these roots are positive.

 Let 2( ) 3 ( 4) (2 1)f x x p x p� � � � � . When the roots of the equation ( ) 0f x �  are real , show that p does not take any

   value between  -14 and -2 . Also find the value of p so that the roots of ( ) 0f x �  are equal. Further , find the

   quadratic equation whose roots are greater than by 2 of the roots of ( ) 0f x � .

99.The roots of the equation 210 4 1 2 (2 )x x x x	� � � �  are and� � . Where 	  is a real constant.

i.Find the equation with the roots 

2 2

and
� �
� �

.

ii.Find the range of the values of  	  so that and� �  are real. Deduce the values of 	 , for � �� .

100. Let the roots of the equation 
2 0ax bx c� � �  are and� � , where 0a �  and � �� . Write down values of

and� � ��� . Show that 
a

� �� �
�

. where 
2 4b ac� �� . Show that the roots of the equation

2 2 2 2( 2 ) 2( 2) 2 4 0k k x k x k k� � � � � � �  are real. where 0,2 andk k� �� .
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101. Let 2 2( ) (3 1) 2f x x x	 	 	� � � � � .

i.Show that for all , ( ) 0f x	� ��  has real roots.

ii.Find in terms of 	 , the coordinates of the vertex of the graph of ( )y f x� . Hence,  when 1	 �  sketch the

                 graph of ( )y f x� . .

iii.Let 2	 � . If ( ) (1 )g x f x� �  sketch the graph of ( )y g x�

102.a.The equation 
2 ( ) ( )

p a b

x x c x c
� �

� �   has equal roots. If the corresponding values of  p are 
1 2andp p 1 2( )p p�

      Show that 
1 2 4p p ab� � .

b.Sketch the graphs of 2 2 and 2 1y x x y x� � � � �  in the same diagram. Using the graph deduce that only one root

     of the equation 2 2 (2 1) 0x x x� � � � �  lies between the roots of 
2 2 0x x� � � .

103.The roots of the equation 2 2 2 0x kx k� � � �  are and� � . Where k is a constant. Write down and� � ���  in

     terms of k. Show that 2 2( ) 4( 2)k k� �� � � � .

    Hence show that there exist two equations as above so that the difference of the roots is 4 and find their equations.

    when it is given 2k � � , Show that the quadratic equation 

2 2

and
� �
� �

 as roots is

2 2 2( 2) 2 (4 3 6) ( 2) 0k x k k k x k� � � � � � �  and hence find the equation with the roots 

2 2

1 and 1
� �
� �

� � .

104.The roots of the equation 2
2 3 0x x� � �  are and� � . Write down and� � ��� .  Hence

i.Show that 2 2 2� �� � �

ii.Find the value of 3 3� ��

iii.Show that 4 4 2 2 2 2( ) 2( )� � � � ��� � � �

iv.Find the quadratic equation with the roots 3� ��  and 3� �� .

105.i.Find the set of values of p , so that for all real values of x , the expression 2( 3) 4 3p x px p� � � �  to be negative.

ii.Let 2( ) 3 2 3g x x x	� � � . Find the value of 	  for ( )g x  to be a perfect square.

iii.Let 2( ) ( 2) 2f x x k x k� � � � . Where k is a real constant. Show that , f(x) has factors for any value of k.

   Let ( ) ( ) 2g x f x k x� � � . Show that ( )g x  has real roots. If ( 7)x �  is a factor of ( )g x , find the value of k and

   sketch the graph of ( )y g x� .

106. The roots of the equation 2 0 are ,x ax b � �� � � .

     Find the roots of the following equations in terms of and� � .

i. 2 2( 2 ) 0bx a b x b� � � �

ii. 2 2 2( 2 ) 1 0b x a b x� � � �

iii.
2 2 2 0bx a x a� � �

107.a.If and ,� �  are the roots of the equation, 
2 0ax bx c� � �  find the value of 2( )� ��  in terms of a, b and c.

Obtain the roots of the equation 2( ) ( 2 ) 0c b a x b a x a� � � � � �  in terms of ,� � .



ANANDA    ILLANGAKOON   16

bi.If there is a common root for the equations 2 2 2 21 0 and 1 0ax a x bx b x� � � � � � , show that the quadratic

       equation 
2 2 2 0abx x a b� � �  is satisfied by the other roots of them.

ii.Show that for real x, there is no real value of the expression 
2 2 1

2 1

x x

x

� �
�

 between 1 and 2.

108.Let f(x) be a quadratic function in the form 2( )f x ax bx c� � � . Here a, b, c are real constants and 0a � .

     Show that 

2 2

2

4 ( )

2 4

b b ac f x
x

a aa

�� �
� � �
 


� �
.

     Hence deduce that if the equation 
2 0ax bx c� � �  has real roots 2 4 0b ac�  .

    Show that the quadratic equation 2 2
2 0qx p px p� � �  has real roots if and only if p q  . Here

, , 0, 0p q p q� � �� .

109.Let 2( ) (3 ) 1 0 3,f x k x kx for k� � � � � �

i.Write down the discriminent of ( ) 0f x �  in terms of k. By this find the range of values of k for the roots

   of ( ) 0f x �  to be real.

ii.Let the roots of ( ) 0f x �  are ,� � . Write and� � ���   in terms of k. Show that if and� �    are real then

   both and� �  are positive. Show that quadratic equation with 2 and 2� �� �  as roots is

2(3 ) 3(4 ) 13 2 0k x k x k� � � � � � .

110.Let the roots of the equation 2 (2 3) ( 5) 2 0x k x k k� � � � � �  be 2, 2 for k� �� � �� .

i.Find the quadratic equation, in terms of k, whose roots are and� � .

ii.Find the range of values of k for which and� �  are real.

iii.Find the range of values of k for which and� � are both real and negative.


